We show that a large class of finite factors has free entropy dimension less than or equal to one. This class includes all prime factors and many property T factors.
I
n the early 1980s, D. Voiculescu (1) developed a noncommutative probability theory over von Neumann algebras, the algebras introduced and studied by F. J. Murray and J. von Neumann (2) (3) (4) (5) (6) . von Neumann algebras are quantized measure spaces, which are the basis for the study of noncommutative analysis and geometry (7) .
A von Neumann algebra is a strong-operator closed selfadjoint subalgebra of the algebra of all bounded linear transformations on a Hilbert space. Factors are von Neumann algebras whose centers consist of scalar multiples of the identity. They are the building blocks from which all the von Neumann algebras are constructed.
F. J. Murray and J. von Neumann (2) classified factors by means of a relative dimension function. Finite factors are those for which this dimension function has a finite range. For finite factors, this dimension function gives rise to a unique tracial state. In general, a von Neumann algebra admitting a faithful normal trace is said to be finite. Infinite-dimensional finite factors are called factors of type II 1 . The trace is the analogue of classical integration and finite factors are basic noncommutative measure spaces.
With classical independence replaced by "free independence" on noncommutative spaces, Voiculescu develops the theory of free probability. The free central limit theorem states that the analogous averaging of free independent random variables obeys a Semicircular Law instead of a Gaussian Law in the classical case. Voiculescu and others use this theory to answer several important old questions in the theory of von Neumann algebras.
Recently, Voiculescu introduced a notion of "free entropy" (8) , an analogue of classical entropy and Fisher's information measure. Associated with free entropy, he defined a free entropy dimension which, in some sense, measures the "noncommutative dimension" of a space (or, the minimal number of generators needed in the case of factors). Free entropy has become a very powerful tool in the study of von Neumann algebras since its recent introduction (9) (10) (11) . Of course, some basic questions concerning free entropy and free entropy dimension have appeared. For example, it is not yet known whether the free entropy dimension of a set of generators for a von Neumann algebra depends on the set. Is this dimension an invariant of the algebra? That is currently the major problem of the theory. For finite injective (or hyperfinite) von Neumann algebras, Voiculescu shows that his free entropy dimension is an invariant. He also shows that it is an invariant for self-adjoint operator algebras with a faithful trace (as applied to sets of algebraic generators). It seems quite plausible that it is an invariant for C*-algebras with a faithful trace, as well. For von Neumann algebras, this becomes somewhat more speculative, the most severe test involving its application to factors with the Connes-Jones property T (12) .
For some years, now, Voiculescu has set, as a primary objective for study, the determination of free entropy dimension for sets of generators in property T factors. He has proved the first result in ref. 13 , showing that some property T factors have generators with free entropy dimension not exceeding 1. Thus with respect to free entropy dimension and certain generators, property T factors behave differently from free group factors. Of course, the first question to ask after this is whether there are generators in those same property T factors whose free entropy dimension is greater than 1. We answer that question by showing that every set of generators of a large class of factors of type II 1 , including those considered in ref. 13 and all nonprime factors (11) , have free entropy dimension not exceeding 1 if there is at least one set of generators that satisfies a "cyclic" commuting relation.
We describe below, briefly, the construction of finite factors by using regular representations of discrete groups. Then we define free entropy and free entropy dimension and list some of their basic properties. Finally, we state our main results and outline the proofs.
Definitions
There are two main classes of examples of von Neumann algebras introduced by Murray and von Neumann (3, 5) . One is obtained from the "group-measure space construction," the other is based on the regular representation of a (discrete) group G (with unit e). The second class is the one needed in this note.
The Hilbert space is l 2 G . We assume that G is countable so that is separable. For each g in G, let L g denote the left translation of functions in l 2 G by g −1 . Then g → L g is a faithful unitary representation of G on . Let G be the von Neumann algebra generated by L g g G . Similarly, let R g be the right translation by g on l 2 G and G be the von Neumann algebra generated by R g g G . Then the commutant G of G is equal to G and G = G . The function u g that is 1 at the group element g and 0 elsewhere is a cyclic trace vector for G (and G ). In general, G and G are finite von Neumann algebras. They are factors (of type II 1 ) precisely when each conjugacy class in G (other than that of e) is infinite. In this case we say that G is an infinite conjugacy class (i.c.c.) group.
Specific examples of such II 1 factors result from choosing for G any of the free groups F n on n generators (n 2), or the permutation group of integers Z (consisting of those permutations that leave fixed all but a finite subset of Z). Murray and von Neumann (4) prove that F n and are not * isomorphic to each other. A factor is hyperfinite if it is the ultraweak closure of the ascending union of a family of finite-dimensional self-adjoint subalgebras. In fact, is the unique hyperfinite factor of type II 1 ; it is contained in any factor of type II 1 . When G = SL n Z , n 3, SL n Z is a von Neumann algebra with property T (12) (it is a factor when n is odd). Property T factors are not isomorphic to factors arising from free groups or (ref. 14 or 15). The classification of all von Neumann algebras has been reduced to the case of factors of type II 1 in a certain sense. Some basic problems concerning the free group factors remain unsolved. Among them is the one which asks whether the factors arising from free groups on different number of generators are isomorphic. This This paper was submitted directly (track II) to the PNAS office. † E-mail liming@math.unh.edu. § E-mail junhao@math.upenn.edu.
is one of the motivating questions that led to the development of free probability theory.
Recall that a W*-probability space is a pair τ consisting of a von Neumann algebra and a faithful normal state τ. The most important case is when the state is a trace (τ AB = τ BA ) and, hence, is a finite von Neumann algebra. are free (or free independent) with respect to the trace τ if τ A 1 A 2 · · · A n = 0 whenever A j ι j , ι 1 = · · · = ι n and τ A j = 0 for 1 j n and every n in N. A family of subsets (or elements) of are said to be free if the von Neumann subalgebras they generate are free.
Voiculescu proves the free central limit theorem: Suppose
, are free random variables such that τ A j = 0. Denote by
the limit lim n→:
converges pointwise to the semicircular law with center at 0 and radius r. He also generalizes Wigner's semicircular law for large random matrices to n-tuples of large random matrices and proves the asymptotic freeness in limit as the degree of the matrices tends to infinity. By using techniques developed in proving these results, he shows that the free group factor on two generators is isomorphic to the 2 3 2 matrix algebra with entries in the free group factor on five generators. This is the first major break through in the study of the isomorphism problem of free group factors. Now we describe briefly the definition of free entropy. Let M k C , or simply M k , be the k 3 k matrix algebra with entries in C, and τ k be the normalized trace on M k , i.e., τ k = k X n are self-adjoint elements in a W*-probability space τ . The free entropy of X 1 X n , denoted by χ X 1 X n , is defined in the following. For any positive ε and R, and any k m in N, let R X 1 X n m k ε be the subset of M sa k n consisting of all A 1 A n in M sa k n such that A j R, 1 j n, and
for all 1 ι 1 ι q n and all q with 0 q m. Then
The modified free entropy (or simply, free entropy)
where S 1 S n is a free semicircular family and the two sets X 1 X n Y 1 Y p and S 1 S n are free. We list some basic properties of free entropy and free entropy dimension.
(
log 2π, where µ is the (measure on the spectrum of X corresponding to the) distribution of X.
(iii) χ X 1 X n = χ X 1 + · · · + χ X n when X 1 X n are free.
(iv) δ S 1 S n = n when S 1 S n are free semi-circular elements. (Note that the free group factor on n generators is generated by n free semicircular elements.)
Main Results
The assumptions of the following theorem are satisfied when the algebra is a tensor product of two factors of type II 1 , or the group von Neumann algebra arising from SL n Z , n 3, or certain amalgamated free product. One of the consequences of our theorem says that the free group factors are not isomorphic to any factors that satisfy the assumptions of the theorem.
Main Theorem. Let τ be a W*-probability space. Suppose is generated by its subalgebras 1 r , and, for each j , 1 j r, there is a non-atomic self-adjoint subalgebra j of j such that j commutes with j+1 (here we let r+1 be 1 V jl j in j , for j = 1 2 r, l j N, and polynomials ϕ j x 1 x 2 x l in C x 1 x 2 x l , where l = l 1 + l 2 + + l r , such that
for some positive number ω. Then
is a constant and a = max 1 j n X j 2 + 1. In the following, we outline the proof of the proposition. Note that the free entropy of X 1 X n is the limit of the logarithm of the volume of R X 1 · · · X n · · · k m ε . We will get a good upper bound for the volume by showing that the covering number of R X 1 X n · · · m k ε (by small balls) is small. When X j is approximated by ϕ j V 11 V 1l 1 V r1 V rl r , the elements in R X 1 X n · · · m k ε are approximated by ϕ j G 11 G rl r where G st values are matrices approximating V st values in moments. First we reduce the covering of R X 1 X n · · · m k ε to the covering on the ranges of ϕ j values, which then depend on the domains of ϕ j values. When passing the commuting relations on U j and V j+1 t values to their corresponding matricial approximants, we show that the G st values lie in a lower dimensional submanifold of M k C l (l = l 1 + · · · l r ), so the covering number for this submanifold is small. The following lemmas describe the details of these steps. Before stating them, we introduce some notation.
Let p be a large prime number, k a large integer such that
. Let c 0 be the distance between two adjacent pth roots of unity, i.e., c 0 = 1 − e 2πi/p . Clearly, e 2πis/p − e 2πit/p c 0 π/p when s t Z s = t and 0 s t p − 1. For any given D , 0, ω , 0 r l N, let δ r+1 be ω/ 8D √ l , define, successively, δ r δ 1 by the following equations
That is,
for the given positive numbers D l, ω and r. For the given D l and ω, δ 1 is defined by the above equation. Then ε 0 will be the positive number in 2.2 and 2.3 in ref. 16 determined by this δ 1 (here we only use cases when N = 2 in ref. 16 ).
We choose an arbitrary ε 1 with 0 + ε 1 + δ 1 . Then we have the following. Lemma 1. Assume that G 1 G 2 in M k C satisfy the following 
Then G 3 is in W 2 δ 2 and µ W 2 δ 2 δ 3 2 √ 2δ 3 3/δ 3 2k 2 /p . Similarly, we will have corresponding T 1 W 2 δ 2 δ 3 and T 2 W 2 δ 2 δ 3 as described preceding Lemma 2. Continuing this process, we obtain, for each j 1,
and corresponding subsets T 1 W j δ j δ j+1 and T 2 W j δ j δ j+1 of T W j δ j δ j+1 that will satisfy conditions similar to those of the case when j = 2. In particular, the cardinality of T W j δ j δ j+1 is bounded by 3 δ j 2k 2 /p , for j = 1 r. We use ε 0 , again, to denote min ε 0 δ 1 ε 1 . Now ε 0 satisfies the assumptions in Lemmas 1 and 2 (in place of ε 1 ). Lemma 3. Suppose G 1 G r S 11 S 1l 1 S r1 S rl r are unitary matrices in M k C satisfying the following: Since, for each j, 1 j r, Y jl l = 1 l j are centers of balls in the set T 2 W j+1 δ j+1 δ j+2 , we know that the total number of choices for Y jl j = 1 r l = 1 l j is bounded by 3/δ 2 2k 2 l 1 /p · · · 3/δ r+1 2k 2 l r /p . Some of the key ideas of the proof of the proposition are similar to those used in the proof of Theorem 2.1 in ref. 11 . First we choose a non-atomic self-adjoint subalgebra j of j (generated by U j ). Since j , for 1 j r, is non-atomic, there is a unitary U j in j so that its distribution is the same as that of W 1 , i.e., τ U By the definition of χ X 1 X n U 1 U r V 11 V rl r , we know that it is the limit of the logarithm of the volume of R X 1 X n U j r j=1
V jt j=1 r t=1 l j k m ε
Our goal is to estimate the covering numbers of R X 1 X n U j V jt k m ε in the euclidean space M sa k n . First, we study elements in R X 1 X n U j V jt k m ε , then we project down to its first n components. From ref. 8 , we know that it is enough to choose R so that R , max j X j + 1 .
Let
be an arbitrary element in R X 1 X n U j V jt k m ε . When k m are large and ε small enough, we have that
